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THEORETICAL STUDY OF HIGH-
RATE SEDIMENTATION

K. M. Yao

The term high-rate sedimentation
used here refers to the use of shallow
gravitational settlers with detention
periods of not more than 15 min to
achieve comparable or better settling
efficiencies normally obtained in con-
ventional rectangular settling tanks
having detention periods of usually
more than 2 hr. The settlers can be
rectangular, circular, or any other con-
venient shape. They can be either
horizontal or inclined. One obvious
advantage is the significant saving in
capital cost of construction, land, and
piping. The short detention periods
required make the high-rate settlers
extremely attractive in wastewater
treatment. For instance, a short deten-
tion in final settling in the activated
sludge process could eliminate the possi-
bility of developing anaerobic condi-
tions which may be detrimental to the

_aerobic microorganisms.
i
“'settler is its shallow ‘‘depth” which is

The main feature of a high-rate

usually not more than a few inches.
The idea appears to be suggested origi-
nally by Hazen in 1904 (1) and was
explored by Camp in 1946 (2). Hansen
and Culp successfully demonstrated
that, by using circular tubes of 0.5 to
4 in. in diameter (1.3 to 10.2 em) and
up to 8 ft in length (2.44 m), turbidity
removal as high as 96 percent could be
obtained (3). A number of installa-
tions using high-rate settlers actually
have been constructed by industries
and municipalities (4).

K. M. Yao is Senvor Spectalist, Camp, Dresser
& McKee, Boston, Mass.

The paper was presented at the 42nd Annual

Conference of the Waler Pollution Conlrol
Federation, Dallas, Tex., October 6-10, 1969.

The development is based theoreti-
cally on the concept advanced by
Camp (2). It issignificant to note that
the model Camp used to develop the
concept was an ideal open rectangular
tank with a uniform flow across the
tank cross section. In his model, all
the suspended particles would follow a
straight path. In the small conduits
used as high-rate settlers, laminar flow
may develop and the velocity distribu-

tion can be quite different from uni<’

form. As a result, the particle paths are

not straight lines. With Camp’s model;;

the overflow rate of a settling tank

expressed in rate of flow per unit tank

area represents the critical fall velocity
of the suspended particles. Theoreti-
cally, suspended particles with fall

velocities greater than or equal to this’
critical value will be completely re-.

moved in the tank. Here again, diffi
culties arise. First, no information is

available whether the parameter over-:

flow rate still retains the same physical
significance for settlers other than those

rectangular in shape. Second, nothing’
i1s known as to how to calculate the
overflow rate for settlers such as in-:

clined circular tubes. These facts indi-
cate that Camp’s model is in need of

extensive generalization if it is to be
applied to high-rate sedimentation. The

purposcs of the present study are:

1. To conduct basic theorctical re-
search on the characteristics of high

rate settlers and the governing physical
properties of high-rate settling systems.

2. To provide information as general
guidance for practical design and fur
ther laboratory investigations.
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General Equation

It is ussumed that the flow is laminar
and one-dimensional in a  high-rate
settler and that the suspended particles

~are discrete particles which do not
aggregate. Consider a single suspended
particle moving in a laminar flow. The
cquation of motion is as follows:

dv,
m

=(pp —P)Vg—F,.....1

where m is the mass of the particle, v,
is the veloeity of the particle, ¢ is the
time, p, and p are the densities of the
particle and fluid, respectively, ¢ is
the gravitational aceeleration, V is the
volume of the particle, and F, is the
fluid resisting foree. Quantities shown
in boldface letters are vectors. For
laminar flow, Stokes’ law can be used
for the resisting force as follows (5):

= 3audy(vp —v) . ... ... 2

where p is the dvnamic viscosity of the
fluid, d, is the hydraulic diameter of the
particle and v is the local fluid velocity.

. . . v
Ignoring the inertial effect <m(—df’= 0),
substituting Equation 2 into Equation |
and rearranging,

(pr — P)VE v
3rud, Tt

vV,— Vv =

where v, is the fall velocity of the
particle and is in a vertically downwiard
direction.

FIGURE 1.—Coordinate system.
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.3

FIGURE 2.—High-rate settling system using a
circular tube settler.

Figure 1 presents the coordinate
svstem used for the present study. The
r-axis 1s parallel to the direction of flow
and the y-axis is normal to the direction
of flow. 6 is the angle between the
L-axis and a horizontal line or the angle
of inelination and u is the local fluid
velocity in the z-direction. Equation 3

can be written into the two non-
vectorial equations as follows:
Upe = U — Upsing........ 4
Vpy = —0.CO50.......... d

where ¢, and vy, are the velocity com-
ponents of v, in the x and y directions,

respectively. By definition,
_dx _dy g
Ver S T @ ’

where x and y are the coordinates in
the x and ¥ directions, respectively.
Combining LEquations 4, 5, and 6,

dy ~ —wv.cosé
de ™ u—uvsiné

Equation 7 is the differential equation
of the particle trajectory resulting from
the combined effects of fluid drag and
gravitational scttling.

Integrating Equation 7,

/udy —vysin@ + v,xrcosd = Co...8

where Cy is the integration constant.
Dividing LEquation 8 with v, the

average flow velocity, and d, the depth

of flow measured normal to the direc-
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tion of flow,

/’-« Yy — f:f Y sing

(1 (i
Pe . v
+ o NXecosg =C,..9
-0

whare C; is the adjusted integration
constant, ¥=y/d and N'=x/d. Equa-
tion 9 is the general cquation of the

] ) w .,
particle trajectory. € and /v—d)
0

can be evaluated for a particular par-
ticle trajectory in a given high-rate
settling system.

Circular Tube Settlers

Iigure 2 presents @ high-rate settling
system, using circular tube settlers.
The z-uxis coincides with the bottom of
the tube and d aund { are the diameter
and length of the settler, respectively.
The sectional plane shown contains the
axis of the tube.

For laminar flow in a circular
tube (9),

Substituting Equation 10 into Equation
9 and carrying out the integration,

S 2,_-, _}_,'.1 li'y 1 q
> 3 v sin

2 o
U, .
+ —=Xcos6=C,..11
Vo

Equation 11 is the general equation for
the trajectories of suspended particles
in laminar flow through a circular tube.
The constant C, can be evaluated if the
coordinates of any point on a given
trajectory are known, Consider a
family of trajectories such as /), FFy, Iy,
all of which pass through B, the bottom
point at the exit end of the tube (Sce
Figure 2). The coordinates for this
point expressed in dimensionless form
are

X=1L Y=0...... 12

where I, = the relative length of the
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settler = 1/d. Cy is found to be

v,
("I = - I/C()S&....,....l;;
'y
Substituting Fquation 13 into Kquation
11 and rearranging, -

T e,
b 2 —_ 3 ' sin

+ (N = L) eoss = 0..14
Uy

Equation 14 is the equation for the
family. The actual path a particular
suspended particle will take depends on
the magnitude of »,/v, for the particle.

Among this family of trajectories,
there is a limiting trajectory which
starts at B’, the top point of the tube
at its entrance end, and represents the
uppermost trajectory in the family.
The physical significance of the limiting
trajectory is that it defines the critical
particle fall velocity, v., for a given
system. Any suspended particle with
its fall velocity greater than or equal to
this critical fall velocity would be com-
pletely removed in the settler of the
given system. A useful relationship is
obtained from Equation 14 by using
the coordinates of B’ as follows:

X=0 Y=1........ 15

The result 1s:
Uy .
— (sin® + Lcos®) = 3%... .. 16
v
u

Lquation 16 indicates that the per-
formance of a high-rate settling system
can be characterized by a parameter
S with

S = ;i' (sin@ 4 Lcoss)..... 17
[

The critical S-value, S, for circular
tube scttlers is §. Any suspended
particle in such a system with its
S-value greater than or equal to $ would
be completely removed, in theory at
least, from the flow without the need of
kunowing the critical fall velocity of the

system at all.
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Other Types of Settlers
Following a similar procedure as for
the ense of circular tubes, the corre-
sponding results  obtained for other
tvpes of settlers are presented below.
Leleal uniform flow also s considered
fOr COTPIArIRON pUrposes.

Squnare Conduits (G)

HIGH-RATE SEDIMENTATION

[}
[ 3]
—

Flow between ’arallel Plates (5)

Y0 L L SRR 1S

o

Se = '; (sin@ 4+ Leosg) =1..19
)

= 2 . omxw . coshmmwr—1 . .
—3— - = (cos ma— 1) sin — (cosh mr} —— sinh mxY)
u ey WS 2 sinh mw 20
W = 2 (cosh mx—1)? T
[ — - . . o
! -5+ ¥ —T(cos mr— 1) sinh mr— ————=
moy miwd sinh mr
P . 11
S.o= T (sin@ 4 L cos @) = ... 21
Iy S

Shallow Open Tray (5)

u

2V = ¥ ]............ 22

Nl

Vo

Se :l—“ (sin@ 4 Lcosg) = 1..23
Q

{adform Flow

e 24
ty
Use , . -
Se = o (sin@ + Lcos@) =1..25
0

General Discussion

It is interesting to note that S is
identical for systems using  parallel
plates or shallow trays and with uni-
form velocity distributions.  On the
other hand, the values of S, for circular
tubes and square conduits are ap-
preciably different from those for the
above three cases. It is important to
point out that identical S. may not
mean dentical behaviors of the sys-
tems.  This is indieated in Figure 3,
showing the limiting trajectories for
various types of settlers, assuming 8 = 0
for simplicity. The patterns of the
limiting trajectory are rather different
for shallow trays, parallel plates, and
uniform flow distributions. On  the

other hand, the pattern for circular
tubes is identical with that for parallel
plates even though the values of S, for
the two types of settlers are not the
same.

Overflow Rate

The design of settling tanks for water
and wastewater treatment usually is
based on the parameter overflow rate
expressed as rate of flow per unit tank
area. The concept was originated from
the fact that, for an ideal uniform flow
i o horizontal flow rectangular settling
tank, the overflow rate represents the
critical particle fall velocity. Theo-
retically, any suspended particle having
a fall veloeity greater than or equal to
this eritical value would be removed
completely in the tank. This same con-
cept is readily adaptable to high-rate
settling syvstems, since the critical fall
velocity can be estimated casily from
Se, the eritical S-value. The following
cquation should be adequate for this
purposc:

Overflow rater (= v..) = CK 1_;9 .26

where
. L
K= S‘sino + L cosé

where C is a constant and its magnitude
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depends on the units used for the vari-
ous terms in Equation 26, In British
units with vo in fps and overflow rate in
U. S. gpd/sq ft, C = 6.54 X 10% In
metric units with v in em/sec and
overflow rate in cu m/dav/sq m,
— C = 8.64 X 10~

With Equation 26, a high-rate sct-
tling system can be designed just as
conventional settling tank by
selecting an appropriate overflow rate
So [““3/\-«'~L] to begiﬁ wit.h.” E(i)uation 26 also pro-
vides the common basis for comparing
the performance of different settling
svstems sinece, theoretically, svstems
with the same overflow rate should have

comparable performance.

Influence of L on Settler Performance

The critical particle fall velocity for
a given high-rate settling system can be
expressed in the following form:

el Sy
vo sin@+ Leos@ '

Figure 4 is the plotting of Equation
27, assuming 6 = 0, for systems using
circular tubes and parallel plates. Ior
a fixed v, v, decreases rapidly with L,
the relative length of the settler, when

February 1970

L is relatively small.  This indicates -
that suspended particles with much
smaller fall velocities are removed com
pletely as L increases.  The rate of |
deerease in v, drops appreciably after i
L reaches 20 and becomes rather in-
significant with 1. greater than 40,
Hence 7. should be kept below 40 and .
preferably around 20.  Figure 5 pre- .
sents the plotting of Equation 27 for:
parallel plates at 8 = 20° and 40°. The 9K
general pattern is about the same as-
for 6 = 0.

Influence of 6 on Settler Performance

By differentiating Equation 27 with
respect to 6 and setting the result to 3
zero, the following relationship is 3§
obtained : A

The second derivative of Equation 27 3
with respect to @ is as follows: 3

N Vse R
@ vo _ 28c(cos§ — Lsiné)* !
dg> — (sin8 + I cos @)

AS;
+ sing + Lcos@’ -29

SHALLOW TRAY
—-—-— UNIFORM FLOW

————— PARALLEL PLATES AND
CIRCULAR TUBES

6 = 0° = 4
2 . SN E
0] .2 4 6 .8 1.0
X/7L $
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80 100

FIGURE 4.—Relative settler léngth vs. performance (0 = 0°).

Since the angle of inclination, 6, can
be no more than 90°, the right side of
Equation 29 is always positive. Henee,
the relationship expressed in Equation
28 gives the minimum v, Ior in-
stance, for L = 20, # = 2°54" would
give the best theoretical performance if
all other parameters are kept constant.

Figure 6 presents the variation of
settler performance with 6 at three
different values of L. The ordinate is
expressed as the ratio of v, at 8 = 0 to
te at 0 = 0° vy is assumed to be
constant. It can be seen from Figure 6
that the performance of the scttler
deteriorates rapidly after 6 reaches
about 40°. This is indicated by the
rapid inerease in o, PFigure 6 also
shows that there is little change in
performance when L is increased from
30 to 60 and systems having larger L
tend to be more sensitive to changes
m e,

Fractional Removal Iffictency

Vor suspended particles with S-values
less than the eritical S-value (S;) of a
given high-rate settling system, only 2
fraction is removed in the settler. This
is referred to as fractional removal.
Ounly systems with horizontal parallel
plates and eireular tubes are considered
here.

IYigure 7 shows a high-rate scttling
system using horizontal parallel plates.
It is assumed that all the suspended
particles have the same fall velocity
and the corresponding S-value is less
than 8, of the system. Consider the
particle trajectory J which starts at Iy
at the entrance side and ends at ., the
bottom point of the scttler at the exit
side. ¢y is the portion of the total flow
Q entering the settler below Iy and ¢
is the remaining portion entering above
Iy (Sce Figure 7). Suspended particles
in ¢, will be removed completely in the
settler since their trajectories must end
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FIGURE 5.—Relative settler length vs. performance (0 = 20°, 40°).

up between Ly and E;. On the other
hand, suspended particles in g, will
remain in the flow. The fractional

_removal cfficiency (Eff) is therefore,

Eff =

v
/u(ly v
0 =/ Lay.. .30
0

Uod v

Yo
Substituting Equation 18 into Equation
30 and integrating,

Eff =3Y2—2Y3........ 31

Substituting the following boundary
conditions for the trajectory J into
Equation 9,

X=0 Y=VY........ 32
X=1 Y=0. ... 33
the following result is obtained:
3yt —2ys="p. ... 34
Vo
Hence, for horizontal parallel plates,
v
Ef=-L=S8........ 35
Vo
Equation 35 indicates that the frac-
tional removal efficiency equals the
S-value of the suspended particles.

Thomas found the theoretical frac-
tional removal efficiency of a horizontal

circular tube scttler as follows (7): '

2 . 3
Bff =14 = (2038 ~ aff — sin™' B) . .36
T 28

“ud
Y

where
a« = (39)!
B = Vi -

S = v L. (Sinced = 0)
Vo

Equation 36 indicates that the frac-g
tional removal efficiency is a function of 4
the S-value only. This shows the use-§
fulness of the S-value for characterizing?
the theorctical performance of high-ra
setthing systems. '

Figure § is the plotting of Equations§
35 and 36. Notice that the fractionaly
removal efficiency is less than unity forg
S =1 in the case of circular tubej
settlers since S. = 4 for these systems.3
In addition, circular tube settlers tend §
to have better fractional efficiencies g
than parallel plates for lighter and:
smadler suspended particles.

Establishment of Laminar Flow

Laminar flow has been assumed in}
the settlers.  In practical installations;¥
the scttlers probably are connected to
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T T where v is the kinematic viscosity of the
fluid.  As an approximation, liquation
37 is assumed to be applicable for other
types of settlers.  The significance and
trentment of L/ is discussed in the
4 following section.

(Yselg. o

o Design Consideration

(YsCle.0
’ Since the performance of a high-rate
settling svstem varies with the con-
figuration of the scttler, it is interesting
to know the relative economics of the
various types of settlers.  I'or the sake
of simplicity, only horizontal scttlers
are considered.

For given values of overflow rate,
vy and d and assuming 8 = 0, Equation
26 can be written as follows:

FIGURE 6.—Angle of inclination vs.
performance. S

7= Constant

Isquation 38 indicates that the higher
the value of S,, the longer will be the
required settler length to achicve the
same theoretical performance. Using
this us the criterion, the order of prefer-
ence should be: open shailow trays or
parailel plates, circular tubes, and
square conduits. The open shallow
tray is impracticable due to the large
aren required. Wide, narrow passages
v formed by parallel plates could be a

C:Ts_ A L' =005 N better choice. However, flow tends to

v et et inck

an infet chamber having a relatively
large seetion. At the entrance of a
scttler, there exists a transition region
in which uniform flow is changed gradu-
ally into fully developed laminar flow
duc to the influence of the solid bound-
ary. The relative length, L', for this
transition region in a circular tube can
be estimated from the following cqua-
tion (5):

L' = 0.004322 Vo

WY (=y/d )
2.3 4 €@ <Y y. Y (=y/d) vy [ ™%l

S .00 14}32 of [ w]

pes v I "“75]

(€]

PARALLEL PLATE

x'
X(=x/d)

(L=1/d)
FIGURE 7. —Sketch for studying fractional removal efficiency.
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FIGURE 8.—Fractional removal efficiency (Eff) vs. S-value (0 =

be unstable in a wide channel, and there
are also difficulties in maintaining a
uniform inlet flow distribution. A
possible compromise is to use a width-
to-depth ratio between, say, 2 to .
Circular tubes are slightly more cco-
nomical than square conduits. This
may be balanced out easily by the fact
that square sections utilize space much
more efficiently than circular ones.
The existence of a transition region
at the entrance of a settler certainly
complicates the situation.  Presum-
ably, the flow in the transition region
should be a mixture of uniform and
laminar flow. Since, as indicated by
the Sc-values, the performance of a
high-rate scttling system with uniform
flow is either comparable or better than
that of a similar system with laminar
flow, the existence of the transition
region should not affect significantly
the removal efliciency of the system.

For practical purposes, it is suggested 3
that L’ be added to L, the design rela- 3
tive length based on fully developed 3

laminar flow. This would provide a.3
safety factor in the design.
suggested that, in cases where L'

greater thau 7, a total relative length: :
of 2 be used instead of the sum of L ;SR

and L. Experimental investigations g
are nceded to test the soundness of
these suggestions.

The most difficult problem in a hlgh-
rate scttling system is the removal of =3
the settled sludge from the settler. One*
method already in use is to install the”

settlers at a fairly steep angle so that 7

the sludge can slide down on its own §

This could mean a ccrtainj;
of sacrifice in system per-
Research ix needed greatly

weight.
amount
formance.

. - - . . ‘
in this area for developing efficient yet /3

simple sludge removal methods.

ek st v, -

del ey L by

It is further 8¢
is /38
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In the present study, the suspended
particles are assumed to behave s dis-
crete particles.  In wastewater treat-
ment, flocculation may take place in the
course of settling. This could improve
the performance of the settler.

Numerical Examples

Following are numerical examples for
illustrating the applications of the
equations developed in the present
study.

Assume that overflow rate = 800
gpd/sq ft (32.6 cu m/day/sq m),
vo = 0.5 fpm (15 ecm/min), d = 2 in.
(5.08 cm), and » = 10~°sq ft/scc. De-
sign the high-rate scttlers, using (a)
horizontal circular tubes, (b) horizontal
parallel plates, and (e) square conduits
at 8 = 40°. Caleulate the respective
detention times.

Solution (a)

By Equation 26 with €=06.54 X10%,
S.=4%,and 8 = 0,

. _Ccho__G.54X105X4X0.5_() )
‘7800 3x800X60

By Equation 37

05 X1
! = 5 —_— — = §
L' = 0.058 X coe i = 8.1

Total L = 8.1 + 9.1 = 17.2
=172 X L =291t (88 cm)

<.

detention time = — = 5.8 min

Solution (b)

By Equation 26 with C = 6.51 X 103,
S.=1land g = 0,

6.54 X 10° X 1 X 0.5 _
800 X 60 =0

IJ, = 81 > ,1, use ‘2’1
Total L = 2 X 6.8 = 13.6
=136 X § =231t (70 cm)

L=

DI

detention time = = 4.6 min

HIGH-RATE SEDIMENTATION

Solution (c)

By Equation 26 with C = 6.54 X 10°,
. 11
Se = < and § = 40°,

o

L= (651 x 100 x B x &2
= o766\ 00 X s X 60

X 500

- 0.(543)

IJ/ = Sl
Total L = 8.1 4+ 11.5 = 19.6
[ =19.6 X § = 3.3t (100 ecm)

detention time = — = 6.6 min
0.5
Summary

The following parameter charac-
terizes the theoretical performance of a
high-rate settling system:

S = b (sin @ + L cos6)
Vo

For a given type of settler, there is a
critical S-value, S..

Theoretically, suspended particles
having S-values greater than or equal
to S. of the system are removed com-
pletely in the settler.

Overflow rate can be used as the
basis for designing high-rate settlers by
applying the equation developed 1n
the study.

The best relative scttler length is
about 20. Settler performance deterio-
rates rapidly with the increase in the
angle of inclination of the scttler after
the angle reaches 40°.

A detailed discussion of design con-
siderations and scveral numerical ex-
amples are presented.
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APPENDIXN

Nwcation

o

o0y
d
d,

Iy

"
«

th

= Constant for dimensional
adjustment of the overflow
rate.
= Constants of integration.
= Depth of a settler (1.).
= Hydraulic diameter of a sus-
pended particle (L).
= I'ractional removal efhicicuey.
= I'luid resisting force,
(ML/T?.
= Gravitational acceleration,
(L/T®.
N T
sin @ 4+ L cos
= Relative settler length = [/d.
= Relative length of the flow
transition region.
= Length of the settler (L).
= Mass of a suspended particle
(M).
= Total flow through a scttler
(L3/T). ,
= Portion of @ having its
suspended particles com-
pletely removed in the
settler (L3/T).
Portion of Q having its sus-
pended particles all re-
matning in the flow (13/7).

v
- (sin 8 4+ L cos 8).
Uy

Critical S.

Time (7T)

Local flow velocity in the
z-direetion (L/T).

Volume of a suspended par-
ticle (13).

= Local flow velocity in the

y-direction (L/T).

Il

I

Il

Il

i

= Average velocity of flow

through a settler (L/7).

JOURNAL WPCE
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vy = Velocity of a suspended par.
ticle (L/T). :
Ppee Upy, = & and ¥ components of v,;
respectively (L/T).

. = Full velocity of a suspended
particle (L/T).

e = Critieal v.. (L/T).

AN = x/d.

L,y = coordinates (1),

Y = y'd.
31"[,)‘

« - ( ‘h‘o

o] =1\l — @’

] = Angle of inclination of the
settler.

u = Dvnamic viscosity of the
fluid (J//TL).

v = Kinematic viscosity of the
fluid (L/T).

p, p» = Densities of the fluid and

suspended particle, respec-

tively (1//L3).
Quantitics in  boldface letters are
veetors.
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